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Generalized Vortex Lattice Method for Oscillating Lifting
Surfaces in Subsonic Flow
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A numerical method for calculating the unsteady pressure distribution on harmonically oscillating lifting
surfaces in subsonic flow is presented. The Helmholtz equation for the complex velocity potential is written in
integral form and solved by discrete panels superposition, which can be recognized as a generalization of the
well-known vortex lattice method. Numerical calculations are carried out for a rectangular wing and are
compared with well-established literature data. The influence of chordwise and spanwise discretization, as well
as wake length, on the convergence rate, is also numerically studied. Good results have been obtained using the
present method even for high values of reduced frequency and Mach number.

Introduction

n 1940 Kiissner! derived the governing integral equation for

the problem of the lifting surface oscillating harmonically
in a subsonic compressible flow. Today this problem can then
be considered a classical one. The reader is referred to Yates?
for a historical review and a discussion of the state of the art
of unsteady aerodynamics.

It is usual in aeroelasticity to use the acceleration potential
as the main variable because this quantity is directly propor-
tional to the pressure perturbation. This permits attention to
be focused only over the wing because, when crossing this
surface, the pressure shows a jump discontinuity. Hence, all
of the wake downwash effects are incorporated into the kernel
of the integral equation. In this case there are generally two
ways of handling the problem. The first method, called
“‘global pressure mode’ or ‘‘subsonic kernel function,”” is
discussed by Rowe.? The second method is represented by the
doublet lattice* method or by its variant, the doublet point®
method. The latter approach offers the distinct advantage of
not requiring the user to devise suitable pressure-mode func-
tions with appropriate edge conditions and continuities. This
important aspect explains its wide acceptability.

Although less widespread than the acceleration potential to
treat unsteady compressible aerodynamics, the velocity poten-
tial formulation®’ is more appealing to the aerodynamicist,
whose interests are mostly directed to steady-state problems.
The reason for this is the existence of well-known singular
solutions as sources, doublets and line vortices, which can be
used in subsonic flow and, further, can be retrieved as limiting
cases of zero reduced frequency or zero Mach number.

The present paper considers the velocity potential formula-
tion of subsonic flow harmonically oscillating lifting surface
problem. The overall treatment is linearized and limited to
small disturbances and flat wakes. The solution method is
numerical. Wing and wake are both discretized by means of
constant density doublet panels, and values of the complex
velocity potential are obtained through the solution of the
Helmholtz equation. It is shown that these solutions are valid
for simultaneously large values of reduced frequency and sub-
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sonic Mach number. Convergence studies performed show
that in the unsteady flow the wake length necessary to obtain
converged solutions is smaller than that in the steady-state
case. Moreover, attention is also paid to the fact that the
well-known incompressible equivalence between closed vortex
loops and surfaces of constant density potential must be com-
plemented in the compressible regime by a surface integral
proportional to the square of a parameter K that combines the
reduced frequency and the subsonic Mach number.

Mathematical Flow Model

In a reference frame that translates steadily, the nondimen-
sional perturbation velocity potential { due to small-amplitude
motion of a flat wing and wake is governed by the linear
convected wave equation,
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where the undisturbed velocity V is in the positive x direction
and a,, is the undisturbed speed of sound.

For a harmonically oscillating body in a steady flow, the
perturbation velocity potential may be written as
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where w is the angular frequency of oscillation.
Introducing relation (2) into Eq. (1), transforms Eq. (1) to
62 a)xx + "i’yy + észz - (Zin/ai)$x + (wz/ai)és =0 3)
where 82 = (1 — M? and M is the undisturbed flow Mach

number.
Defining a new complex potential,

¢ = exp| ~ iwVx/(a-B)1¢ @

and using the Prandtl-Glauert transformation,
X=x/L;Y=yB/L;Z=z8/L %)
Equation (3) can be rewritten as the Helmholtz equation; i. e.,
V% +K*=0 ©)
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where
K = wL/(a.B?) @)

and L is a reference length.
When K is compared with the reduced frequency,

kr =wL/V ®)
it is readily shown that
K =krM /(1 — M?) ©®

The reader can observe the dependence of X on Mach
number and reduced frequency in Fig. 1. It can be seen that,
for high reduced frequencies, the compressibility effect, as a
result of high X, may be neglected if the flow Mach number is
sufficiently small. The converse statement is also true.

The preceding verification is a very important aspect related
to kernel functions simplifications which lead to the classical
panel method formulation.” From this point of view, com-
pressibility effects are important only for high reduced fre-
quencies and high Mach numbers. Certainly, the boundaries
between incompressible and compressible linearized flows are
not well defined, and only comparison between both formula-
tions (i.e., K =0 and K = 0) can furnish an insight into the
relative importance of compressibility.

To complete the mathematical model description, the
Helmholtz equation boundary conditions for the problem at
hand are as follows: The complex pressure coefficient for
unitary values of the undisturbed velocity and reference length
is

L
m® T ax (10)

C, = —2 exp(iKMX) - [ X 34)]

When applied to both sides of the wake pressure, continuity
is ensured if

iK 6¢
5y, o0 + ax an

8C, =0=
where 6¢ and 6C, indicate, respectively, velocity potential and
pressure coefficient differences between wake lower and upper
sides.
The condition of zero relative normal velocity on the wing
becomes, in the transformed plane,

X + ikrh

12)
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Fig. 1 Mach number and reduced-frequency effects on K.
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Fig.2 Overall wing and wake discretizations.

where h(X, Y) is the lifting surface nondimensional vertical
displacement amplitude.

Integral Equation and its Numerical Solution

Solution of the problem is obtained by solving Eq. (6),
subjected to boundary conditions (11) and (12), for the wake
and the wing, respectively.

The integral equation that relates the velocity potential
jump across the lifting surface and wake to the velocity poten-
tial in the field, can be expressed as®

_1 i exp( — iKR)
op = jj&b an [———————R ] ds 13)

where ¢p is the velocity potential in an arbitrary field point
P(X, Y, Z), R is the distance from a surface point to P, and
n is the unit vector normal to the wing.

The velocity component normal to the wing surface is ob-
tained by taking the Z partial derivative of Eq. (13) and reads

app 1 8 [ exp(— iKR)
8Z 4l H‘M dZon [ R ] ds 14

This equation allows a physical interpretation along the
same lines of thought as in the incompressible case. In fact, it
can be stated that the integrand represents a normal doublet
density 8¢, distributed over an area element dS. If, in the
discretization procedure, 5¢ is made constant over each ele-
ment, the well-known vortex lattice method for incompress-
ible flow is recovered, simply by making X = 0.

As a numerical application, a rectangular wing divided in
NX x 2NY panels, where NX and 2NY refer to chordwise and
spanwise directions, respectively, is solved. The wake is mod-
eled by a mesh using NC chords long in the streamwise direc-
tion.

Over each panel the doublet density is taken as constant.
The boundary conditions are enforced at control points de-
fined at the panels’ geometrical centers. The overall discretiza-
tion grid is shown in Fig. 2.

The numerical scheme that results from discretization of
Eqgs. (11), (12), and (14) corresponds to a system of linear
complex equations written as

lai;] - [64) = [Fy] 15
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Fig. 4 Spanwise discretization influence on lift coefficient ampli-
tude.

where
Qi = Cij + by (16)

are the complex influence coefficients; c; ; is the normal veloc-
ity induced by a wing panel j at another wing panel control
point k for 8¢; = 1. For wing panels that are in contact with
the wing trailing edge,

bij= 4 zexp[ﬁ &x; - Xw)] ck,w} a7

w=1

and for all of the other wing panels, b,; = 0. Equation (17)
takes into account continuity of pressure over the wake, as
imposed by Eq. (11). In Eq. (17) NXE is the total number of
wake panels in the streamwise direction, X, is the streamwise
coordinate of the wake panel center, which has the same Y
coordinate of the k wing panel; and ¢, ,, is the induced normal
velocity by the w wake panel in the & wing panel control point.
The preceding formulation implicitly satisfies the Kutta
condition by imposing equal values of é¢ for wing and wake
panel rows on each side of the trailing edgé. The right-hand
side of Eq. (15) is obtained from Eq. (12) calculated at each
wing panel control point. In all cases treated in the present
formulation, the a;; values are obtained numerically; never-
theless for K = 0 analytical integration may be performed.

To improve convergence, discretization steps in the chord-
wise direction can be made smaller near the leading edge. Such
a discretization will reflect the square root behavior of doublet
distribution that is typical of lifting surface theory. However,
in the present application all of the wake panels have been
equally spaced.

Once the complex system given in Eq. (15) has been solved
for 6¢, the pressure coefficient is determined using Eq. (10)
where X derivatives are obtained through the use of classical
three-point formulas, with the exception of the leading-edge
panels. For these panels it is assumed that

86(X, Yo)=AX" +BX + CX>+ D (18)

where Y, indicates a particular wing section in the spanwise
direction. The constants are determined by making 6¢(0,
Yy) = 0. A better approximation for derivatives near the lead-
ing edge is justified, since here local C, values have a strong
influence on global aerodynamic coefficients.

Results and Discussion
The numerical calculations using the present method have
been performed for a rectangular wing with aspect ratio two
oscillating in pitch around midchord position with a unit pitch
angle amplitude. The reference length L was taken as the
half-chord at the wing root.
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Fig. 7 Real pressure coefficient difference for low subsonic Mach
number.
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In Fig. 3 the influence of wake length, NC, on the con-
vergence of the lift coefficient amplitude calculations is stud-
ied. For NC =3, convergence for the steady-state case is
practically attained; the lift coefficient amplitude difference is
< 1% compared to the value for NC = 10. For unsteady cases,
both incompressible and compressible, the same conclusions
are obtained with NC = 2 and 1, respectively. The wavy be-
havior of convergence history in the oscillatory incompressible
case may be because vortices of different sign are shed alterna-
tively at the trailing edge. This implies a weaker wake length
influence compared to that for the steady-state case. The
compressible flow case, not shown in Fig. 3, requires a smaller
wake length, since K is higher.

The influence of spanwise discretization, NY, on the lift
coefficient amplitude is shown in Fig. 4. Qualitatively, for all
cases presented convergence histories are monotonic and less
critical when going from the steady state to the unsteady
compressible case. Although convergence is not achieved, ex-
trapolation procedures® can be applied in order to enhance
prediction accuracy.

Finally, in Fig. 5 the chordwise discretization influence on
the lift coefficient amplitude is presented. Here the overall
tendency, as observed in Figs. 3 and 4, is reversed; that is, the
chordwise discretization for convergence must be increased
when going from the steady state to the unsteady compressible
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flow. Figure 6 shows the relative variation of the real lift
coefficient as a function of K for solutions with NX = 8 and
16 and where two regions can be devised. From K =0 to
K =2 the percent difference between real lift coefficients is
< 5%; for K >2 a sharp divergence occurs that requires a finer
discretization for these large values of K. This behavior may
be better understood by observing Figs. 7 and 8. Plotted in
these figures are values of the real part of the pressure coeffi-
cient difference. This is the difference between coefficients on
both sides of the wing and referred to its central section. A
variation of the Mach number is made at a constant reduced
frequency. It can be observed that the pressure coefficient
difference maintains its qualitative incompressible behavior
until M = 0.6; after this, oscillatory distribution becomes pre-
dominant, thus requiring finer chordwise discretization.

In the second series of figures presented, the results of
the present calculations are compared with other methods
available in the literature. Figures 9 and 10 show real and
imaginary parts of the pressure coefficient difference for a
rectangular wing with an aspect ratio of 3.1. The wing oscil-
lates around a pitch axis through the quarter-point chord in an
incompressible flow. The present calculations are compared
with those obtained by the kernel-function method of
Laschka.® Experimental points!® shown in the figure are only
for reference purposes.
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In Figure 11 real and imaginary local lift coefficient distri-
butions along the wing span are compared with those of Ref.
9 for a rectangular wing with an aspect ratio of 2. The wing
oscillates around a pitch axis through the midchord in an
incompressible flow. Despite a small deviation in the imagi-
nary part, overall agreement is quite good. Furthermore, when
compared with the doublet point method of Ueda and Dow-
ell,’ the imaginary distributions are practically coincident.

In Figs. 12 and 13, for the same physical situation as that
described earlier (Fig. 11), the lift coefficient amplitude and
the phase angle are plotted for several reduced frequencies and
compared with the results of Ref. 11. There is a good agree-
ment for the lift coefficient amplitudes, whereas the lift phase
angle presents a discrepancy not greater than 10% in the worst
case. In the compressible flow case, real and imaginary pitch
moment coefficients are compared with calculations from
Ref. 9 for several reduced frequencies (see Figs. 14 and 15).
However, one can observe an overall agreement concerning
the real pitch moment coefficient for larger reduced frequen-
cies, with values of the imaginary part obtained by the model
here proposed show an opposite trend.

Finally, the two-dimensional pressure coefficient difference
for a pitch oscillation around an axis through the leading edge
has been calculated and compared in Fig. 16 with results of



2728 SOVIERO AND BORTOLUS: GENERALIZED VORTEX LATTICE METHOD

8.00
o .
8 ]
S 6.00 A
o} ]
a i
O ]
| 400
o ]
o ]
=z ]
@] ]
- 2.00 4 |
o 1 i
S ] {
B 1 ____ PRESENT METHOD
Z gop 4 — = 27D CALCULATION — REF.3
L ) i
o : AR=20.0 M=0.9 kr=0.9
] PITCH AXIS AT LEADING EDGE
] NX=18 NY=10 NC=3
D00 ST T T T T |
0.0 . 0.40 0.60  0.80 1.00 1.20
X / CHORD

Fig. 16 Two-dimensional real pressure coefficient difference along
the profile chord.

Ref. 3. The two-dimensional characteristics are obtained at
the central plane of a rectangular wing with an aspect ratio of
20. All of the panels have the same length in the chordwise
direction. As can be observed, the general agreement is fairly
good for such a high reduced frequency and Mach number
combination.

Final Remarks

In the following, the most important characteristics of the
model here proposed are emphasized.

The well-known notions of vortex lines and doublets are
extended to the compressible range with exactly the same
physical meaning that they have in the incompressible formu-
lation. In fact, the incompressible case is a limiting situation
that can be recovered from the compressible model by simply
making X =0.

The wake is explicitly modeled; Consequently, the kernel
functions are simpler.

The general vortex lattice, characterized by constant dou-
blet density, may be easily extended to work with more sophis-
ticated distributions, as for example linear or quadratic dou-
blet densities, without worsening kernel singularities.

Convergence analysis has shown that modeling of the wake
has to be accomplished only for few chord lengths. As the
values of K increase, this length gets shorter, which is defi-
nitely a good feature for high reduced frequencies and Mach
numbers.

For more complex geometries, such as nonplanar lifting
surfaces, application of the proposed method is straightfor-
ward. In fact, even a generalization that takes into account the
source term of the integral equation (13) is readily possible (see
Ref. 8, p. 498). In this case, thickness effects of wings and
fuselages may be accounted for. This extension has already
been proposed in Ref. 7 for small values of K.

Appendix: Induced Velocity by a Constant
Doublet Panel

The Helmholtz equation admits a singular source solution,
which, for an intensity of 4I1 units can be written as

¢s(X, Y, Z) = —exp(— iKR)/R (AD)
where

R=[(X-XP+(Y-YVP+(Z-2Z)" (A2)

The singular doublet, whose axis is directed along #, is given
by

¢p(X, Y, Z) =n*V[ - exp( - iKR)/R] (A3)

where V is the gradient operator, and the asterisk indicates a
scalar product.

For a panel S, whose normal is also n, a constant-density
doublet distribution é¢ induces, in a field point P(X, Y, Z), a
velocity

VP=2—E ”v[n*wss] ds (A4)

From the Stokes theorem one can write

j(dfv@) = SS[(n*V)VqSS +1n"V Ve, —n*v*ve,]ds
(A3)

where / is the panel boundary line and d/ is an oriented line
differential. The symbol indicates a vector product.
Applying the vector identity

V@*by=(@* V)b + (0*V)a + (@ V' b)+ (b V a) (A6)
to the integrand of Eq. (A4), we obtain
V(n*Ves)=(n*V)Ve (A7)

since V' V¢, =0, and # is a function of primed variables over S.
Considering Eq. (A7) and the identity

V*Vd)s = Vzd’s = —sz)s (A8)

Equation (AS5) can be written as
j(dlAV¢s)= Sj[v(n*v¢s)+K2n¢s] ds (A9)

When Eqgs.(A9) and (A4) are compared, the induced velocity
becomes

Vp = j—?{ [(dlAVd)s) - sz jd)sn dS] (A10)

This result justifies the generalized vortex lattice concept,
since, for K = 0, the incompressible case is recovered.

From a numerical standpoint, the influence coefficients ele-
ments ¢ ; may be obtained, for 6¢ = 1, from either Eq. (A4)
or Eq. (A10). In the latter case, the line integral over / has an
analytic solution. The surface integral, although numerically
calculated, is continuous across the panel.
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